We evaluate the microwave lensing frequency shift of the microgravity laser-cooled caesium clock PHARAO. We find microwave lensing frequency shifts of δν/ν = 11 × 10 −17 to 13 × 10 −17 , larger than the shift of typical fountain clocks. The shift has a weak dependence on PHARAO parameters, including the atomic temperature, size of the atomic cloud, detection laser intensities, and the launch velocity. We also find the lensing frequency shift to be insensitive to selection and detection spatial inhomogeneities and the expected low-frequency vibrations. We conservatively assign a nominal microwave lensing frequency uncertainty of ±4 × 10 −17 .
Introduction
PHARAO, Projet d'Horloge Atomique par Refroidissement d'Atomes en Orbite [1] , is the laser-cooled caesium clock developed under the Centre National d'Etudes Spatiales (CNES) for the European Space Agency mission ACES, Atomic Clock Ensemble in Space [2] . ACES is planned to operate on orbit for 18 to 36 months on the International Space Station (ISS). ACES also includes a hydrogen maser, and several time-transfer systems. The ACES mission goals include fundamental physics tests of general relativity, searches for the time variation of fundamental constants, precise geodesy, and comparisons between clocks on Earth with a fractional frequency precision of 10 −17 . The PHARAO performance goals of a linewidth of as small as 0.11 Hz, an accuracy of 10 −16 , and a short-term instability of 10 −13 at 1s of averaging, are important for ACES to achieve its science goals.
The microwave lensing frequency shift is a significant systematic frequency shift of PHARAO. This shift arises from the resonant dipole forces [3, 4] that the clock's microwave field of ν ≡ 9.192 631 77 GHz exerts on the atomic wave functions, acting as weak positive and negative lenses on the atomic dressed states [5, 6] . For fountains, this frequency shift typically ranges from δν/ν = 6 × 10 −17 to 9 × 10 −17 [7] [8] [9] [10] and a majority of fountains that contribute to International Atomic Time correct for this systematic error. Recently, some controversy has arisen as NIST has argued that microwave lensing shifts are significantly smaller than 6 × 10 −17 to 9 × 10 −17
and that they must go to zero in the limit of zero microwave amplitude [10] [11] [12] , in addition to raising other questions [13, 14] . One of us has shown that the microwave lensing frequency shift directly corresponds to photon recoil shifts that occur when atomic wave packets span many wavelengths of an electromagnetic field [15] . It is accepted that photon recoil shifts are non-zero in the limit of a vanishing clock field, and this correspondence adds to the results from previous derivations, which show that the microwave lensing shift is similarly non-zero in the limit of zero microwave field amplitude [5, 6] .
Although the microwave lensing of the atoms and the associated perturbation of the transition probability must go to zero in the limit of zero microwave field amplitude, the Ramsey fringe amplitude also goes to zero. As a consequence, the frequency shift due to the lensing perturbation is in general nonzero in this limit [6] .
Here we analyze the microwave lensing frequency shift of PHARAO and its dependence on important clock parameters. Because microgravity clocks cannot use a fountain geometry, PHARAO uses the rectangular waveguide cavity depicted in figure 1 instead of the cylindrical cavities used in fountains. Using a large finite-element model, we show that the PHARAO dipole forces are in only one transverse direction, in contrast to fountains. The microwave lensing shift can be large for laser-cooled microgravity atomic clocks, approaching the size of the microwave photon-recoil shift ν R /ν = hν/2mc 2 = 15 × 10 −17 [5] . Indeed for PHARAO, we show that the shift is 11 × 10 −17 to 13 × 10 −17 , noticeably larger than the microwave lensing shift of typical fountains [7] [8] [9] [10] , largely due to the longer propagation time to the first Ramsey interaction in microgravity. Other unique aspects for microgravity clocks include a much wider range of possible interrogation times (atom launch velocities), potentially significant vibrations, and, for PHARAO, multiple apertures that restrict the atom trajectories and contribute to the microwave lensing frequency shift.
Derivation of the microwave lensing frequency shift of PHARAO
Ramsey spectroscopy irradiates atoms twice with an electromagnetic clock field, as depicted for PHARAO in figure 1 . The transverse variation of the amplitude of the clock field leads to a spatial variation of the resonant magnetic-dipole energy of the atom in the field, which yields a dipole force. With a maximum of the microwave amplitude at the centre of the clock cavity, there is no dipole force at the centre and the force grows nearly linearly away from the centre. During the first Ramsey interaction, this leads to a very weak focusing and defocusing of the atomic dressed states 1 and 2 [5, 6] , which are eigenstates of the atom-microwave interaction. A frequency shift results because, on one side of the central Ramsey fringe, the focused state 2 is detected, resulting in a higher transition probability whereas on the other side of the fringe, the defocused state 1 is detected, yielding a smaller transition probability [5, 6] . This difference of transition probabilities gives the microwave lensing frequency shift of the Ramsey fringe. Figure 2 (a) shows a calculation of the transverse variation of the integrated magnetic field amplitude, the Rabi tipping angle θ( y,z) = ∫H 0 (r)dx through a single Ramsey zone [5, 6] . We use a large 3 D finite-element model of the PHARAO cavity to calculate the standing wave field H 0 (r) (and separately the field g(r) due to the wall losses) [16] [17] [18] . The tipping angle has to obey the transverse wave equation [10, 17] and, if there is no dependence on z, the solution is θ( y,z) = θ(0,0) cos(ky), where k = 2πν/c. In comparison to the cylindrical cavities used in fountains, for which θ(
½ ] produces lensing in two transverse directions, the curvature of cos(ky) along y is twice as large as that of
. Thus, the microwave lensing shift does not depend strongly on the Ramsey cavity geometry. Figure 2(b) shows that the residuals of θ( y,z), after subtracting θ(0,0) cos(ky), are well less than 0.1%. With a 10 −17 target for the fractional frequency accuracy of the microwave lensing shift, we can therefore neglect dipole forces in the z direction and treat only deflections in the y direction. Similar to [6] [7] [8] [9] [10] 17] , we define the tipping angle in the first Ramsey interaction as θ( y 1 ,z 1 ) = θ( y 1 ) ≡ (π/2) b 1 η cos(ky 1 ), where b 1 is an amplitude factor and η =1.086 so that Figure 1 . Schematic of PHARAO. Atoms are launched in the x direction, passing through the Ramsey interaction zones at x 1 and x 2 to the detection region at x d4 and x d3 . Restrictive apertures are 8 mm × 9 mm waveguides that start at x 1g and end at x 2g . In between, two 8.6 mm × 7.6 mm masks with 1 mm radius corners clip the atoms at x 1L and end at x 2L . a uniform atomic density across the PHARAO masks yields a maximum Ramsey fringe contrast at b 1 = 1, approximately a π/2 pulse, and b 2 similarly describes θ( y 2 ) of the second Ramsey interaction. The resulting velocity changes from the dipole forces are ±δv( y 1 ) = ±b 1 π 2 η ν R sin(k y 1 )/k. Following [6, 7] , we semi-classically treat the atomic wave packets with straight-line trajectories that have small deflections, of order nm/s, due to the microwave dipole forces. This approximation ignores the diffraction of the atoms by the apertures, which we revisit below. The total difference of the
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Here we include the PHARAO detection probability W d ( y d ), which is independent of z. Explicitly putting in the microwave lensing deflections ±δv( y 1 ) gives:
with detected dressed state populations n 1,2 gives the perturbation of the transition probability δP. Instead of integrating over the velocity distribution, it's more insightful to change variables to integrate over the first mask, or the selection cavity position. We thus choose to integrate over the first mask y 1L coordinate at t 1L = x 1L / v, the selection cavity z SC coordinate at t SC = x SC /v, and the second mask at t 2L = x 2L /v in figure 1 , where v is the x launch velocity. Using ( y 2L0 ,z 2L ), the transverse atom position at t 2L with no microwave lensing deflections at t 1 , we get [6, 7, 10] : 
Here u = (2k B T/m) ½ is the e −1 velocity halfwidth, w 0 is the initial e −1 cloud radius, the Θ(a − |y|) are Heaviside functions that describe apertures with a width 2a, and a β (z β ) gives the rounding of the corners of the masks at t 1L,2L . The microwave lensing makes dressed state ( ) 1 2 a little wider (narrower), so the apertures Θ[a 2 (z 2L ) − |y 2L± |] and Θ(a 2g − |y 2g± |) clipping the density n 0 ( y 2L0, z 2L, y 1L, z SC ) are effectively slightly narrower (wider). Each of the four apertures at x 1g,2g and x 1L,2L cut the atom cloud and affect the microwave lensing frequency shift. The apertures of the waveguides at t 1g and t 2g are 8 × 9 mm and the masks at t 1L and t 2L are slightly smaller, 7.6 × 8.6 mm with rounded corners of radius 1 mm, and represented by widths 2a 1,2 (z 1,2L ).
In (3) we have included the Coriolis acceleration vΩ in the − z direction from the 90 min orbit of the ISS, where v ranges from 0.1 m s −1 to several m s −1 , the probability of selecting atoms in the selection cavity at time t SC is W s (y SC, z SC ), ΔP R is the Ramsey fringe ampl itude, for which we can neglect the microwave lensing to lowest order, and we omit any qualifying 0 subscripts on times t β . In (2), (3) we have explicitly included the nominal apertures that clip the atoms and more Θ(a − |y|) can be added, for example, as in the below, to describe the additional clipping by waveguides due to low-frequency vibrations.
We expand δP in (2) to first order in the small velocity changes δv( y 1 ) due to microwave lensing. The second mask and final waveguide apertures clip the atoms at ±a 2 and ±a 2g (z 2g ), yielding four delta functions in y 2L0 , which, after integration over y 2L0 , gives the sum of four line integrals over these apertures, plus a surface integral [7] . The microwave lensing frequency shift is δv = δP/π(t 2 − t 1 )ΔP R , this perturbation of the transition probability δP divided by the Ramsey fringe amplitude ΔP R in (3).
Equations (3),(4) can be significantly simplified with some quite accurate approximations [5] [6] [7] [8] [9] [10] . These simplifications provide valuable checks and insight. Since the PHARAO detection is independent of z d , the 4D surface integral in (4), the last term, can be analytically integrated over z 2L , and similarly for ΔP R . If the selection variation W s (y,z) can be neglected, and if the masks are rectangular, a 1,2 (z 1,2L ) = a 1,2 , the microwave lensing frequency shift is independent of z 2L and z SC and the expressions reduce to one and 2D integrals over y 1L and y 2L0 . Near optimum amplitude, b 2 = 1, sin[θ(y 2 )] has little variation and we can use sin(b 2 η π/2). If the detections are also nearly homogeneous, the last surface term of (4) can be neglected. Taking the spatial variation of the microwave dipole energy to be quadratic, θ(y,z) = θ(0,0)(1 − k 2 y 2 /2), the velocity change is δv(y 1 ) = b 1 π 2 η ν R y 1 and all but one of the integrals is analytic, albeit more complicated with four restrictive apertures instead of the usual two for most fountain clocks [5, 7, 10] . (7) gives 11.9 × 10 −17 , which sets a scale for the PHARAO microwave lensing frequency shifts. After next describing the state selection and detection inhomogeneities, we discuss the behaviours of the microwave lensing frequency shifts of (4)- (7) in the following section.
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PHARAO state selection and detection
The microwave lensing frequency shift depends on the initial atomic distribution and the inhomogeneity of the state detection. The PHARAO state preparation can significantly modify the initial density distribution. The state selection cavity transfers a variable number of atoms launched in F = 4 m F = 0 to F = 3 m F = 0. Atoms remaining in F = 4 are subsequently cleared with a laser pulse. The state selection cavity is a TE 011 cylindrical cavity. It is fed by a strongly coupled antenna, which extends far enough into the cavity to perturb the TE 011 mode and give a significant gradient of the microwave field ampl itude across the cavity's aperture, which changes the spatial distribution of the selected atoms. Since the on-resonance tipping angle must be a solution to the transverse wave equation [10, 17] , we can take the form of the tipping angle to be several terms of a Fourier azimuthal expansion of cos(mφ) and sin(mφ): 
Here, the selection amplitude b s controls the number of selected atoms. For PHARAO, b s = 2.14 gives the maximum detected fluorescence for v = 0.1 to 0.6 m s −1 . We fit the coefficients in (8) [1] [2] [3] . While more study of the selection variation is anticipated, below we show that this selection variation contributes a negligible uncertainty to the microwave lensing frequency shift, especially for low launch velocities, for which the microwave lensing shift contributes noticeably to the PHARAO accuracy budget.
The PHARAO state detection has two steps. First the F = 4 hyperfine population N 4 is measured, then cleared, and then the F = 3 population N 3 is measured, as for many fountain clocks. However, in fountains, the atoms are travelling quickly and accelerating as they return down through the clock cavity and the apertures that follow to detection, whereas for PHARAO, the atoms continue at the same (slow) launch velocity from the second Ramsey interaction through the apertures to the detection zones in figure 1 . Thus, the distance to the apertures and detections can lead to noticeable changes in the size of the atomic cloud and to a number of frequency shifts, including microwave lensing shifts and distributed cavity phase shifts. As in fountains, the detection is normalized as (N 3 − αN 4 )/ (N 3 + αN 4 ), where α ≈ 1 is adjusted to make the Ramsey fringe amplitudes of N 3 and N 4 the same. The microwave lensing frequency shift that results is the average of the frequency shifts for N 3 and N 4 detection. We take the optimal microwave amplitude for nπ/2 pulses to be the average of the microwave amplitudes that maximize the Ramsey fringe amplitudes of N 3 and N 4 . When we include the selection inhomogeneity, for example with v = 0.3 m s PHARAO's detection inhomogeneities arise somewhat from the detection laser beam profiles, and mostly from the spatial variation of the fluorescence collected by the photodetectors. Both detection regions are described by the same parameters. The laser beams have an intensity curvature corresp onding to a σ y = 25.7 mm Gaussian waist along the y axis. The fluorescence detection efficiency varies quadratically, with a significant gradient that more efficiently detects atoms close to the opposing detectors for N 3 and N 4 . Thus, Note that y 0,1 and v y remain functions of y 1L and y 2L0 from (3) . If we consider only two apertures a 1,2β at times t 1,2β , either the masks a 1,2L or the waveguides a 1,2g , (5) further simplifies to become: 
Discussion of the microwave lensing frequency shift of PHARAO
The above approximations for (5), (6) give helpful insight and some guide to the uncertainties of the microwave lensing frequency shifts of PHARAO. For only two apertures, either just the (rectangular) masks or just the waveguides, the microwave lensing shift (6) gives the 'only masks' and 'no masks' curves in figure 3 . From figure 1 , the first waveguide clips the initial distribution well before the first mask. This early clipping significantly increases the microwave lensing shift from 8 × 10 −17 to 13 × 10 −17 for small launch velocities (long interrogation times T). Fountains, such as PTB CSF2 [8] , also exhibit a significant increase of the lensing shift due to early clipping. Adding the first mask to the 'no masks' gives the 'no 2nd mask' curve, which has a slightly smaller shift for small v (long T). For high velocities (short T), there is not much spreading of the cloud after the first mask, and therefore the second waveguide does very little clipping, giving a significantly smaller lensing shift. Adding the initial waveguide to the 'only masks' gives the 'no final waveguide,' which is slightly larger for all v due to the earlier clipping of the cloud. The analytic 'k 2 ' curve from (5) includes the contributions from all four apertures.
The 'all-order' curve in figure 3 uses the full on-resonance dipole force. Because the force grows more slowly than linear in y, the 'all-order' microwave lensing shift is slightly smaller. The 'detection' curve includes W d (y,z) from (9), as well as the spatial variation of sin[θ(y 2 )] and the individual detection of each hyperfine states. The 'final' curve adds the selection variation, the Coriolis acceleration, and the rounding of the corners of the masks, and therefore the integrals over the z coordinates in (4) have to be included. The rounding of the corners clips very few atoms and, since the Coriolis acceleration is perpendicular to the dipole forces, it also changes the lensing shift minimally. The variations between the curves that include all of the apertures are quite small, especially for v < 1 m s , for which all curves are close to each other.
Diffraction of the atoms by the apertures is potentially more of a concern for microgravity clocks than for fountains. Even for a long interrogation time of T = 10 s, the atoms can be transversely localized to 2(ln2 ħT/m) ½ = 115 μm [5, 6] , which is far less than the typical 1 cm apertures of microwave cavities. Thus an aperture produces negligible diffraction of the atom cloud over the length of PHARAO. However, two successive apertures with slightly different sizes clip the atoms to produce the PHARAO microwave lensing frequency shift. The diffraction between these two apertures is potentially more important for PHARAO than for fountains since the atoms continue slowly from the second Ramsey interaction, through these successive apertures, to the detection region. Nonetheless, for the lowest planned launch velocities of PHARAO of 0.1 m s −1 , the atoms can be transversely localized to 2(ln2 ħΔt/m) ½ = 26 μm throughout the Δt < 0.5 s propagation from the second mask to the end of the final waveguide in figure 1 . This is much less than the 200 μm difference in the transverse positions of these apertures, so the atom diffraction can again be neglected. Further, figure 3 shows that one could expect small differences since the 'no final waveguide' curve is not very different from the 'k 2 ' curve, for which all of the clipping is from the second mask. Essentially, while the apertures at both x 2L and x 2g contribute, the lensing shift is not too different if there is only one of these two restrictive apertures. Finally, the diffraction that occurs in the 12.4 cm between the beginning of the first waveguide at x 1g and the first mask at x 1L gives a perturbation to . The clipping by the waveguide shortly after launch leads to a larger shift so the 'only masks' curve is smaller for small v. Curves are also shown for clipping by only the waveguides, 'no masks,' giving a large shift, and deleting the clipping by the final waveguide or second mask, from (6). The 'k 2 ' curve from (5) includes all four restrictive apertures. The 'all-order' curve includes the higher-order dipole forces and 'detection' includes the variation of the detection and sin [θ 2 (y 2 )]. For all of the above, the masks are rectangular. The 'final' curve adds the non-uniform state selection, the Coriolis acceleration, and the rounding of the masks' corners. the density distribution used in (4) and (5) . For this region, Δt < 1.24 s so the atoms can be localized to 40 μm, again well less than the 200 μm difference in the transverse position of these apertures. Moreover, it is the location of the earliest aperture that is more important than its size, for the slow launch velocities for which diffraction is most significant. From the differences in figure 3 , we therefore expect that the microwave lensing uncertainty due to atom diffraction is negligible, less than 1 × 10 −17
. Figures 4-6 show the variation of the PHARAO microwave lensing frequency shift with the temperature and width of the cloud, and the detection laser intensity. In each, the nominal value for PHARAO is indicated by the gray line.
The microwave lensing shift is relatively insensitive to all of these parameters, especially for launch velocities below 1 m s
For high launch velocities and very small initial cloud sizes, the shift in figure 5 goes to zero because the cloud does not have sufficient time to expand, so neither dressed state is clipped by the apertures and no shift results [5] .
The size of the microwave lensing frequency shift increases approximately linearly as the amplitude of the microwave field increases. Figure 7 shows the microwave lensing frequency shift versus microwave amplitude for several launch velocities. All launch velocities behave essentially the same, with some differences at high amplitude for high velocities. For these, the atomic cloud spreads less and therefore the positions of the atoms in the two Ramsey zones, and thus the dipole forces at t 1 and tipping angles θ 2 , become correlated and give a slightly different microwave lensing shift in (4) . On the other hand, for slow launch velocities, there is little correlation between the dipole force at t 1 and the tipping angle θ 2 .
As discussed above, a difference between fountains and microgravity clocks is the normally much longer time for atoms to travel from the second Ramsey interaction to the final apertures and state detection. As a result, the dipole forces during the second Ramsey interaction [6] may produce a larger frequency shift of PHARAO than of fountains. The associated shift is the dotted curve in figure 7 , derived in a similar way as (4) [6] . Near optimal microwave amplitude, b 1 = b 2 = 0.97, this contribution is negligibly small, as for fountains, and also near (3, 5, 7, 9) π/2 pulses.
Additionally, from [6] , small differential phase shifts of the dressed states accrue during the transit from the second Ramsey interaction to the apertures. The leading contribution is δΦ = πb 1 b 2 η 2 hk 4 y 1 y 2 t 1 (t 2β -t 2 )/16mt 2β [6] , where t 2β corresponds to the most restrictive aperture (t 2L or t 2g ). This contribution gives δP = n 0 ( y d )[cos(θ 1 ) − (−1) jeg cos(θ 2 )]δΦ/2 to (6) in [6] . It can be shown that this δP leads to a frequency shift δν δΦ 2 , which must be less than 1. Near optimal amplitudes, (1, 3, 5, 7, 9) π/2 pulses, δν δΦ goes to zero and, for a large initial cloud and long interrogation times as in PHARAO, the averages over the uncorrelated y 1 and y 2 yield a small shift. But, because δν δΦ increases as b 1 b 2 , we note that it could give a noticeable correction to the shifts in figure 7 at large non-integer b 1 and b 2 (e.g. 9.5π/2 pulses). The selection cavity inhomogeneity in (8) changes the density distribution of atoms for the Ramsey interactions. Nonetheless, figure 8 demonstrates that the impact on the microwave lensing frequency shift is small. The lensing shift is shown versus φ 1 , and the width of each band depicts the distribution of microwave lensing frequency shifts for 40 random sets of {φ 2 , φ 3 }. A common way to evaluate the cold collision frequency shift of a clock [19, 20] is to reduce the selection cavity microwave amplitude to select a fraction of the atoms. At lower amplitude, b s = 0.54, the variation of (8) is much larger than for b s = 2.14. The wider bands for each launch velocity show the microwave lensing shift and its variation for low selection cavity amplitudes. The variation remains small and other techniques, including using a variety of amplitudes to select fewer atoms [20] or detuning the selection microwaves [21] , can be used to evaluate and reduce the dependence on inhomogeneous selection.
Low-frequency vibrations of the ISS potentially give an important systematic error in the microwave lensing shift that is neglected in fountain clocks. For long interrogation times, vibrations may significantly displace the PHARAO clock relative to the free-falling reference frame of the atomic cloud. For small vibration amplitudes, the cm/s velocity spread of the μK atoms is large enough that the net displacement during the interrogation time is not very important. The deviations from the average velocity of this net displacement however will effectively introduce additional restrictive apertures in PHARAO. The 8 mm × 9 mm cut-off waveguides, particularly between the two Ramsey interaction zones, will clip the atoms and produce their own microwave lensing frequency shift, and change that of the subsequent apertures. We can model the effect of the vibrations by inserting an additional aperture in the waveguide sections and calculate the resulting frequency shift. Figure 9 shows the frequency shift for v = 0.3 m s −1 when we include in (4) an additional 1-sided aperture Θ(a 2g − Δy + y) at a longitudinal position x. The worst case change in the microwave lensing frequency shift is 3 × 10 −17 for a vibration with 2 mm amplitude during the interrogation time. This behaviour does not depend strongly on the launch velocity, for low launch velocities. Our current best estimates of the vibrational noise of the ISS indicate that Δy is safely less than 1 mm, and therefore the correction to microwave lensing due to vibrations is negligible. If the vibrations are significantly larger, a more extensive model of vibrations could be helpful. However, in that case, a higher launch velocity would likely be required to insure that enough atoms are detected to achieve the needed short-term stability, in which case the vibration correction for microwave lensing would again likely be negligible.
Conclusion
Long interrogation times are the primary feature of a microgravity laser-cooled caesium clock. These in turn change the behaviours of some frequency shifts, including the microwave lensing shift. This treatment shows that the microwave lensing shift of the PHARAO microgravity caesium clock is 11.4 × 10 −17 to 11.9 × 10 −17 for launch velocities of 0.1 m s −1 to 0.6 m s −1 , significantly larger than for most fountain clocks [7] [8] [9] [10] . Other notable features of the microwave lensing frequency shift of PHARAO include a rectangular cavity mode that produces dipole forces in essentially a single transverse direction, the contributions of multiple apertures, and small changes due to low-frequency vibrations. After correcting for the frequency bias from microwave lensing, the uncertainties in the calculations that we describe could be considered to be as small as 2 × 10 −17 . However, fountain accuracy evaluations have conservatively assigned uncertainties of ±3 × 10 −17
to ±9 × 10 −17 of lensing shifts that range from 6 × 10 −17 to 9 × 10 −17 [7] [8] [9] because, while resonant dipole forces and photon recoil shifts are experimentally well-established, the resulting microwave lensing frequency shift of a clock has not yet been observed. Here, we similarly assign a conservative systematic uncertainty of ±4 × 10 −17 for the microwave lensing frequency shift of PHARAO. This uncertainty reduces the currently largest contribution to the working accuracy budget to a level that allows the PHARAO accuracy goal of 1 × 10 −16 .
